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AbstracLThe Hall coefficient and electric conductivityof black phosphorus prepared by the 
bismuth-flux method were measured at low temperatures. It is found that the conductivity 
shows log T4ke behaviour below about 5 K and the Hall coefficient changes its sign from 
plus to minus at around 7 K with decreasing temperature. These results can be analysed 
successfully on the basis of a three-carrier model. in which bulk holes. variable-range- 
hopping holes and two-dimensional electrons take part in the electric conduction at low 
temperatures. except in the c a e  of strong magnetic fields below 7 K. The present analysis 
supports the fact that magneto-electric properties observed at low temperatures in black 
phosphorus crystals originate from the 1D Anderson localization in an inversion layer on the 
surface 

1. Introduction 

Black phosphorus (black P) is the most stable form of many allotropic modifications of 
elementary phosphorus. Until recently, measurements have been performed on the 
electrical transport properties of black Pat low temperatures [1-4]. Recently, an inter- 
esting preliminary investigation of the two-dimensional (ZD) Anderson-localization-like 
phenomena in a needle-like black P crystal has been reported by Iwasaki el a1 [5] .  To 
study such phenomena in more detail we have made a detailed measurement and 
analysisof the negative magnetoresistance and argued that the phenomena can in fact be 
explained by the ZD Anderson localization theory [6]. We have also argued, based on 
the measurement of the Hall coefficient, that the 2D localization originates from an 
inversion layer on the surface [7]. 

The purpose of the present paper is to make a quantitative analysis of the Hall 
coefficient and the conductivity of black P at low temperatures in terms of a three-carrier 
model and herewith to give further support to the 2D Anderson localization in the 
inversion layer of black P. 
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Figure 1. Geometry of a black-P samplc used in the 
experiment, withan applied magnetic field (L axis). a 
current ( x  axis) and Hall contacts axis) lor Hall 
measurements. The crystallographic axes D. hand c 
are alsoshown. 

2. Experimental procedures 

Single crystals of black P were prepared by the bismuth-flux method [SI. The prepared 
crystals are needle like and have a flat surface of the a< plane. The size of the samples 
wastypically4mminlengthintheaaxisdirection. lOOpminwidthalongthecaxis,and 
10 pm in thickness along the 6 axis. 

Figure 1 shows a schematicdiagram of thegeometryof a black-P sample used in the 
experiment. The electric field E is applied along the x axis and the magnetic field H is 
applied along the z axis. Resistance measurement was performed by the standard four- 
probe method with a constant current of 0.1 (IA. The potential difference between 
potentialprobeswasmeasuredwithaprecisiondigitalmeter (YokogawaElectric Works 
Ltd, type 2501). Gold paste was used to make the electric contacts between a sample 
and Au wires of 50 pm diameter. In the Hall measurement. magnetic fields up to 15 kG 
were applied by a rotatable electric magnet. The Hall voltage was amplified with a 
microvolt meter (Ohkura Electric Co., model AM-1001) with a high input impedance 
and measured by the precision digital meter type 2501. The sample temperatures were 
measured with a Ge thermometer below 30 K and a Pt thermometer above 30 K. 

3. Experimental results 

From the previous experiments on the transport phenomena 171. we found that the 
black-Pcrystalsexhibit p-type conduction associated with two species of acceptor. Their 
activation energies are 26.1 meV and 11.8meV and the effective concentrations are 
typically 1.36 x 10” m-3fortheshaUowerleveland0.44 x 1@l m-jfor thedeeperlevel. 
The Hall mobility is given by the expression pH = 3.2 X lo2 T3I2 m2 V-I s” with the 
maximum value of 3.6 m2 V-l sU1 at around T =  20 K. 

Figure 2 shows the electric conductivity in the needle (a  axis) direction for one of 
our samples as a function of temperature in the region T <  30 K. An abrupt rise in 
conductivity above T =  20 K is ascribed to the conduction due to the holes activated 
from acceptors. On the other hand, the conductivity below 5 K shows a log T-like 
behaviour, whichmay beinterpretedin termsofadifferent typeofconductionassociated 
with the two-dimensional Anderson localization [9] .  

The Hall measurement was performed for the same sample as that used in the 
electricconductivity measurement (figure 2). The observed Hall voltage was found to be 
proportional to the magnetic field above about 60 K as shown later in the inset in figure 
4, while it  was not below this temperature except in the case of the weak field. Figure 3 
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Figure 2. Electrical conductivity of black P observed 
in the low-temperature region 

Figure 3. Observcd Hall voltage as a function of m a g  
neticfield a t 4 2  K. 

Figure 4. Observed Hall coefficients as a function 
ofremperature a1 1 kG (0) and 15 kG (x ) :  -, 
guidelines for the eye: 0, R,-values which are nega- 

I IO  io2 10" tive. The inset shows the linear dependence of the 
Hall voltage on the applied field at 77 and 290 K 171. T ( K )  

shows the magnetic field dependence of the Hall voltage measured at 4.2 K. The Hall 
coefficient was estimated at two typical fields of 1 kG (weak field) and I5 kG (strong 
field) using the following expression: 

RH VHd/lH (1) 

where V,, I ,  Hand dare  the Hall voltage, current, applied field and thickness of the 
sample, respectively. The Hall coefficient at 1 kG is suitable for estimation of the carrier 
density and that at 15 kG (the strongest field used in the present study) is used to monitor 
non-linearity of the Hall voltage. 

Figure 4 shows the Hall coefficient as a function of temperature at magnetic fields of 
1 and 15 kG. In the high-temperature range ( T >  100 K), the two curves of the Hall 
coefficient at 1 and 15 kG tend to merge into a single curve. This result indicates that, in 
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the high-temperature range, the Hall voltage is proportional to the magnetic field in the 
range H < 15 kG. The inset in figure 4 shows a linear dependence of the Hall voltage on 
the applied field at 77 and 290 K. On the other hand, below 100 K, the Hall voltage 
shows saturation and the Hall coefficient shows a different behaviour depending on the 
applied field. We note amongst other features that at H = 1 kG the Hall coefficient does 
change its sign at around 7 K. That is, the conduction below 7 K is electron like in 
contrast with the hole conduction in the high-temperature region. 

4. Analysis and discussion 

4.1. Three-carrier model 

In order to explain the experimental results presented above. we assumed that three 
types of conduction are responsible for the transport phenomena at low temperatures 
in black-P crystals produced by the bismuth-flux method. These include 

(i) bulk hole conduction in the valence band, 
(ii) bulk conduction by the variable-range hopping (VRH) on acceptor levels, and 
(iii) 2D electron conduction in the surface layer. 
The conductivity, mobility and hole concentration in the bulk holeconduction regime 

have been measured in the high-temperature range and discussedindetail inour previous 
paper [7]. The existence of ZD electron conduction has been confirmed by the analysis 
of negative magnetoresistances observed at low temperatures in black-P crystals 
obtained by the bismuth-flux method [8]. On the other hand, the VRH conduction has 
not yet been confirmed. The occurrence of VRH conduction, however, will be made clear 
in the following analysis. 

In the measuring geometry shown in figure 1, where the electric field E is applied 
alongthexaxisand the magneticfield H isappliedalongther axis, theaverage velocities 
U; (i = 1,2,3) of the three types of carriers in a steady state are expressed as 

vi = p i E  + piu ;H /c  (2) 
where pi is the mobility and c is the velocity of light in the vacuum. Hereafter, the 
subscripts 1.2 and 3 refer to the bulk hole conduction, VRH conduction and2D electron 
conduction, respectively. The total current along the x axis is given by 

j ,  = n;qivi, (3) 

where ni and qi are the concentration and charge of each carrier. The total current along 
they axis is given by 

j y  = C i i iqiuiy  = 0. (4) 

They component in equation (2) is 

U,, = p , E ,  - ~ , v , H / c .  
Substituting equation (5 )  into equation (4), we have 

E, = (2 n , q w m / C  m , p z )  7 H 

Then, substituting equations (5) and (6) into the x component of equation [2), we have 
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U, = + p:  (E n , q . w , r / F  n,q,p,  - u x ) ( 3  (7) 

From equation (7) (i = 1,2,3), we have 

and 

Solving the above simultaneous equation (equations (8)-(10)). we can obtain 

where 

If the magnetic field is weak, equation (11) can be reduced to 

The physical parameters such as carrier concentrations and mobilities used in the 
three-carrier model are discussed below. 

4.1 . I .  Bulk hole conduction. From the experimental results of the electric conductivity 
and the Hall coefficient below about 50 K, the concentration n ,  of the holes is approxi- 
mately given by the equation 

n ,  = 1 x 1022exp(-137/T)m-3 (14) 

with the activation energy of 137 K (11.8 meV) from the shallower acceptor level which 
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is dominant below 50 K [lo]. The mobility pi  of the holes is assumed to be expressed as 
l ip l  = l/pph + l /~ ,~~.  Here, pph is the mobility due to the acoustic phonon scattering 
and has been found to be proportional to T3" [4,7J and pimp, the mobility due to the 
impurity scattering, is assumed to be nearly constant. Therefore, p i  is given by the 
equation 

p i  = A/(T312 + B )  mz V-' s-' (15) 

where the numerical parameters A and B are determined so as to fit to the experimental 
curve of the mobility, conductivity and Hall coefficient. 

4.1.2. VRH conduction between acceptor levels. A two-carrier model consisting only of 
the bulk holes and the ZD electrons can also explain the occurrence of the sign reversal 
of the Wall coefficient, but quantitative agreement between its prediction and experiment 
is quite poor, which motivates the introduction of the third type of carrier, i.e. holes 
moving on acceptor levels by variable-range hopping. Assuming that the hopping hole 
concentration n2 is almost constant and comparable with the acceptor concentration. 
we may consider that nz [7] and the mobility p2 Ill] are given by 

n2 = 1 x 1021 m-3 

p2 = p,, exp{ - (TO/T)'l4} m2 v-] s - ] .  

(16) 

(17) 

and 

Here, the numerical parameters p(, and T,, in p2 are determined by fitting to the exper- 
imental conductivity U and Hall coefficient R,. 

4.1.3. ZD electron conduction. The thickness d of the present sample was determined to 
be 6.5 x m by SEM observation and the thickness f of the ZD layer near the surface 
to be 5 x W X m  by analysis [6] of the observed magnetoresistance based on the ZD 
localization theory [9]. 

According to  the?^ localization theory, the sheet conductivity uD isgiven by 

o,(T) = um + (e2/2z2fi) x l o T 5  log T S  (18) 

e2/2nzh = 1.23 x S .  (19) 

where 

An apparent conductivity u7 at a temperature below about 7 K is given approximately 
by 

u3(T)  = uo(T)/d = en,@, S mV1 (20) 

where the second equality defines the apparent electron concentration n7 and the 
electron mobility p 3 .  n, was determined to be 5 x lo2' m-3 from the value of RH in the 
low-temperature region (figure 4). If the value of n3 is assumed to be independent ofthe 
temperature, the mobility p3 is obtained from equations (18) and (20) as 

p3 = (2x + 1.23 x log T)/5.2x mz s - ] .  (21) 

The mobility p3 can also be estimated using the surface electron concentration n2D 
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I Fimrre 5. Absolute values of calculated and exDer- 
I 

imental Hall coefficients as a function of temperature 
at1 kG:- , three-carrier model (usineeauation 

I"" ~- 
T ( K )  (13) in the text); - - -, twoarrier model. 

in the 2~ layer. It is related to the Fermi energy 
electron by 

and the diffusion coefficient D of the 

~3 = (e/+)D (22) 

&F = (h2/2m*)nn2D. (3) 

nzD = n3d = 3.3 x loi6 m-2. (24) 

where cF is defined by 

Here, the surface electron concentration n2, is given by 

Usingequations(23)and(24),themeaneffectivemassm* = 0.22mn[12],andthevalue 
of D which was given as 6 x 10-"m2s~' elsewhere [ 6 ] ,  we have .ti3 = 
3.4 x 10-2m2V-i s-I. This value is the same order of magnitude as that given by 
equation (21). which is 0.9 X m2 V-' s-' ,say, at 10 K. 

4.2. Temperature dependence 

The Hall coefficient RH was calculated using equation (13) in the Iow-field limit and was 
fitted to the experimental data by varying A and B in equation (15) and pu and Tn in 
equation (17). Figure 5 shows the comparison between the calculated (full curve) and 
experimental R, at 1 kG. The values of the parameters used in the calculation are A = 
2400 K3'z m2 V-' s-', B = 300 K3'2, To = 13000 K and .tio = 23 mz s-l. The above 
value of A is larger by a factor of 8 than the experimental value [7]. The discrepancy may 
be partly due to experimental errors or a scattering of samples. The calculated RH is in 
accordance withexperiments, i.e. it reproducesthemaximumat around30 K, ashoulder 
near 10 K, and the inversion of the sign at about 7 K. As a trial for another possibility, 
we have also calculated the Hall coefficient using a two-carrier model consisting only of 
the bulk holes and 2D electrons. The broken curve in the figure shows the RH calculated 
by the two-carrier model, which was obtained by subtracting the VRH component from 
the R, by the three-carrier model (full curve). The result is unreasonable, since the sign 
reversal is shifted from around 4 K to around 9 K and the value of RH becomes much 
larger than the experimental results at around 20 K. 
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Flgun 6. ( a )  Calculated (-) and experimental (0) conductivities as a function of 
temperatureand (b )  thetotal oandthreecomponenlso,, o,and o,ofcalculatedconductivity. 
The broken curve in (a )  was calculated by the two.carrier model. 

We have also calculated the conductivity using the same values of the parameters as 
those used in the calculation of R,. Figure 6(a) shows the calculated (full curve) and 
experimental conductivity. The calculated curve is in good accordance with experiment 
and reproduces thelog T-likedependenceofu. The brokencurveshowstheconductivity 
calculated by the  two-carrier model. The result indicates that the two-carrier model 
cannot be fitted to the experimental data. Figure 6(b) shows ul ,  u2, u3 and U =  

ul + u2 + u3, where ul  is the conductivity due to the bulk hole conduction, u2 that due 
to the VRH conduction and u3 that due to the ZD electron conduction. We find that the 
ZD conduction is dominant at low temperatures below 7 K and the VRH conduction puts 
in an appearance only in a rather narrow temperature range around 10 K. 

We note that, in the present successful analysis, only the numerical valuesobtained 
by experiments [7]  and the universal constants from the 2D Anderson localization theory 
[9] were used except those of the VRH conduction. The characteristic temperature Toof 
thev~~conduct ion,  whichwasoneofthe fitting parameters. wasobtained to be 13 000 K. 
This value is much smaller than those for p-type InP 1131, suggesting a large density of 
states and/or large localization length of holes in black P [14]. Further observations on 
the VRH conduction in black P are desirable in the present situation. 

4.3. Magnetic field dependence 

For large magnetic fields, the Hall coefficient RH must be calculated using the original 
equation (11). Figure 7 shows the calculated and experimental RH at 15 kG and their 
comparisons with those at 1 kG shown in figure 5. Above 10 K, the theoretical result at 
15 kG isin fairly goodagreement withexperiments but doeschangeitssign below about 
7 Kincontrast withthe experimentaldata.Theoriginofthisdiscrepancy between theory 
and experiment at high magnetic fields is not clear at present. 

5. Conclusions 

We have observed that black-P crystals prepared by the bismuth-flux method have the 
characteristic properties that the electric conductivity shows a log T-like behaviour 
below about 5 K and the Hall coefficient shows its sign reversal at around 7 K. We have 
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Figure 7. Calculated ( - - - 1 and experimental ( x )  
Hall coefficients as a function of temperature at 
15 kF, together with the corresponding Hall coef- 
ficients at I kG (0, observed points; -, cab 
culation using equation (11) in the text) are also 
shown: a. R,i-values which are negative. The theor- 
etical curve for T < 7 K is negative. 

also found that these observations can be analysed successfully, except in the case of 
strong magnetic fields below 7 K, by the three-carrier model, in which bulk holes, VRH 
holes, and ZD electrons take part in the electric conduction at low temperatures. The 
two-carrier model without VRH holes cannot explain the experimental results. The 
success of the three-carrier model containing ZD electrons gives further support to the 
model that the negative magnetoresistance effect observed at low temperatures in the 
black-P crystal [6] originates from the Anderson localization of a ZD electron gas in the 
inversion surface layer. 

The three-carrier model cannot explain the disappearance of the sign reversal of the 
Hall coefficient observed at strong magnetic fields. Its physical origin is not known and 
is left for future studies. 
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